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Abstract 
As the main result of this paper, we show that any closed surface immersed transverse to a 
suitable pseudo-Anosov flow on a closed, hyperbolic three-manifold is geometrically infinite if 
and only if the surface lifts to be an embedded fiber in a finite cover in which the flow lifts to 
be the suspension flow. This is an extension of results known for surfaces immersed in bundles 
(Cooper et al., 1994). 0 1998 Elsevier Science B.V. 
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1. Introduction 
In [3], Cooper et al. explored a fundamental dichotomy in the set of surfaces in- 
compressibly immersed in closed, hyperbolic three-manifolds. We call a Kleinian group 
geornetricully$nite if there is a finite-sided convex fundamental domain for the action 
of the group on hyperbolic space. Otherwise, the group is called geometrically infinite. 
Recall that if a Kleinian group, r, is a surface group, then it is quasi-Fuchsian if the 
limit set for the group action is a Jordan curve, C, and the action preserves the compo- 
nents of SL \ C. The following theorem, a combination of theorems due to Bonahon, 
Marden, and Thurston, displays the relationship between these concepts and defines the 
dichotomy. 
Theorem 1.1 (Bonahon, Marden and Thurston). Suppose that M is a closed, orientable, 
hyperbolic three-manifold. If g : S + M is a XI-injective map of a closed sulfate into 
M, then exactly one of two alternatives happens: 
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l the geometrically infinite case: there is a$nite cover of M to which g lifts and can 
be homotoped to be a homeomorphism onto a$ber of someBbration over s,’ of that 
covering space; 
l the geometrically Jinite case: the group Q+TI (S) is quasi-Fuchsian. 
These two cases exhibit drastically different behavior. A quasi-Fuchsian surface lifts 
to be homotopic to a nicely embedded plane in the universal cover. The limit set of 
the surface group is a Jordan curve, and the embedded plane extends continuously to 
the limit set in the sphere at infinity. The limit set of a geometrically infinite surface 
group, on the other hand, is the entire sphere at infinity. The lift of such a surface to the 
universal cover extends to a space filling curve in the sphere at infinity. 
The great differences displayed by these two cases are most obvious in their asymptotic 
behavior in the universal cover. Thus, it seems to be very hard in general to distinguish 
the two in a compact three-manifold. Cooper et al. made the first progress in this direction 
in [3]. They characterized both sides of this dichotomy in terms of the image, g(S), in 
a more restricted setting. Let M be a hyperbolic surface bundle over the circle. The 
suspension flow in a hyperbolic bundle is equipped with two mutually transverse, flow- 
invariant, codimension-one singular foliations, the weak stable and unstable foliations. 
These foliations induce codimension-one singular foliations on any immersed surface 
transverse to the flow. If, in addition to the hypotheses in Theorem 1.1, the map g is an 
immersion transverse to the suspension flow, they proved that g*ri (S) is geometrically 
infinite if and only if there is a map .@ : ?? 7 + AJ covering g from the universal cover 
of S to the universal cover of M such that i(S) meets every flow line of the lifted 
flow. Furthermore, they showed that this happens exactly when there is no closed leaf in 
either of the foliations induced on g(S). On the other hand, if these foliations do contain 
a closed leaf, they proved that the foliations arehnitefoliations. That is, the foliations 
have finitely many closed leaves, and each end of every other leaf spirals in toward 
one of the closed leaves. Even though the geometrically infinite and finite cases are so 
vastly different, this seems to be the only context in which there has been any success 
in distinguishing the two cases in terms of the image of the surface. 
This paper focuses on extending some of these results to any surface immersed trans- 
verse to a more general class of flows in a more general class of three-manifolds. Let M 
be a closed, orientable, hyperbolic three-manifold, and let S be a closed surface. First 
we shall prove that any immersion g : S % M which is transverse to a quasi-geodesic, 
pseudo-Anosov flow on M must have 
g* : ~1 (S) + ~1 (Ml 
an injection (see Section 2 for relevant definitions). Such immersions are, therefore, 
within the bounds of Theorem 1.1. If we insist that our flow also satisfy two additional 
conditions, then we can characterize the geometrically infinite case. 
Theorem 1.2. Let @ be a quasi-geodesic, pseudo-Anosovjlow with no null homologous 
closed flow lines and no weak dynamic parallelisms on a closed, orientable, hyperbolic 
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three-manifold, M. Let g : S % Al be an immersion of a closed sugace such that g(S) 
is transverse to CD. Then g*Tl (S) is geometrically infinite if and only tffor every map 
covering g from the universal cover of S to the universal cover of M, g(S) meets every 
$0~ line of the liftedjow. Moreover if gr7rl (S) is geometrically infinite, then g(S) lifts 
to an embedded fiber in a finite cover of M with suspension jaw isotopic to the lift of CD. 
Recently, Mosher gave a construction in [ 161 of a pseudo-Anosov flow on any closed, 
orientable, hyperbolic three-manifold with nontrivial second homology. He and Fenley 
proved in [8] that the flows in this construction are quasi-geodesic. This suggests that 
such flows exist in abundance. In particular, any norm minimizing surface in a closed, 
orientable, hyperbolic three-manifold is almost transverse, in the sense of [8], to a quasi- 
geodesic, pseudo-Anosov flow. 
One consequence of Theorem 1.2 is that any flow which satisfies the hypotheses of the 
theorem and is transverse to an immersed surface with geometrically infinite fundamental 
group must be a suspension flow. It follows immediately from the theorem that the flow 
must be a virtual suspension flow; that is, it lifts to be a suspension flow in some finite 
cover. It is not hard to show that a virtual suspension flow is, in fact, a suspension flow. 
In order to prove Theorem 1.2, we will require a result about the flow itself which is 
of interest in its own right. In Section 5 we prove the following: 
Lemma 1.3 (Local Shadowing Lemma). Let @ be a quasi-geodesic, pseudo-Anosovjow 
on M. For all ,!3’ > 0, for all x E M, there exists an a, > 0 such that if there is a 
sufficiently large to with d(s, @t”(x)) < cxz, then a closed flow line P-shadows the 
(_y, -pseudo-orbit, 
{@t(x): t E [&to]}. 
Loosely speaking, this says that given any long, almost closed orbit in the flow, we 
can find a closed orbit nearby. This fact is perhaps known to experts through an argument 
involving symbolic dynamics and the existence of Markov partitions. The proof does not 
seem to appear in the literature, however. We shall prove the lemma without Markov 
partitions in an argument reminiscent of the proof in [l] of Bowen’s Global Shadowing 
for axiom A diffeomorphisms. 
Lemma 1.3 is particularly useful for the following corollary. 
Corollary 1.4. The J~OW Sp has a dense set of closed $0~ lines. 
I would like thank Darren Long, Daryl Cooper, and SCrgio Fenley for their helpful 
conversations on this subject. Subsequent to the completion of this work, Fenley has 
proved a more general result using different methods in [7]. He has extended the work 
in [3] to closed surfaces immersed transverse to any pseudo-Anosov flow. 
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2. Pseudo-Anosov flows 
2.1. Definition of pseudo-Anosov flows 
A pseudo-Anosov flow is a flow with local properties like a suspension flow in a 
hyperbolic surface bundle over the circle. We take a precise definition from Fenley and 
Mosher in [8]. 
First we define a pseudo-hyperbolic fixed point, which will motivate the definition of 
a pseudo-hyperbolic periodic orbit. For any n 3 2, the quadratic differential znm2 dz* 
on ~ has a horizontal singular foliation fU and a vertical singular foliation fS with 
transverse measures p” and 1_1’, respectively. Each of these foliations has an n-pronged 
singularity at the origin and is regular and transverse to its partner elsewhere. Given any 
positive X < 1, there exists a map k : C + C which preserves both fU and fS and 
stretches the leaves of f u and contracts the leaves of f s by the factor X. For 0 < k < n, 
let Rk,, be the homeomorphism z H e 2Xki/n~ of @. The unique fixed point at the origin 
of the map Rk,, o h gives the local model for a pseudo-hyperbolic fixed point with n 
prongs and rotation k. Define & to be the singular Euclidean metric on Cc given by 
dE = (p’)* + (p’)‘. Then we see that (l&l, o h)*dE = X2(pu)* + x-2(ps)2. 
Let N be the mapping torus for h. 
CXIR 
{b,r+ 1) N (&z/nOh(~),~)~’ 
The suspension flow on N comes from the flow in the Iw direction. The flow line through 
the origin is a periodic orbit y in N. The pair, (N, y), is the local model for a pseudo- 
hyperbolic periodic orbit with n prongs and rotation k. The suspensions of fU and fS 
are codimension one singular foliations on N, regular except on y, called the local weak 
unstable and stable foliations, respectively. The singular Riemannian metric ds on @ x R 
given by ds* = X2t(pU)2 + X-2t(/lS)2 + dt 2 induces a metric on N denoted d.sN. 
Definition 2.1. Let @ be a flow on a closed, oriented three-manifold M. The flow is 
pseudo-Anosov if the following are satisfied: 
For each x E M, the flow line t H @t(z) is C’, and the tangent vector field Dt@ 
is Co. 
There is a finite number of singular periodic orbits such that the flow is smooth 
away from the singular orbits. 
Each singular orbit yi is locally modeled on a pseudo-hyperbolic periodic orbit; 
i.e., there exists n 3 3, 0 6 k < n, and (N, y) as above such that there are 
neighborhoods V of y in N and V, of yi in A4 and a diffeomorphism f : V + Vi 
such that f maps orbits of the semiflow Rkllc o h.JV to orbits of @IV,. 
There exists a path metric dbf on M, such that d&f is a smooth Riemannian metric 
away from the singular orbits, and for a neighborhood V, of a singular orbit yi as 
above, the derivative of the map f : (V - y) ---f (x - ri) has bounded norm, where 
the norm is measured using the metrics dsN on V and dM on V,. 
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l On the complement of the singular orbits, there is a continuous splitting of the 
tangent bundle into three l-dimensional line bundles EU ~3 ES @ T@, each invariant 
under the flow, such that T@ is tangent to flow lines, and for some constants u > 1, 
0 < X < 1 we have 
(1) If ‘1: E EC’ then ~Dc$~(v)/ < aXPtlvl fort < 0; 
(2) If u E ES then IDGt(v)l < aXtlzl for t > 0, 
where norms of tangent vectors are measured using the metric dlz-r. 
The l-dimensional foliations EU, and ES are called the strong unstable and stable 
foliations of @, respectively. The flow also has two invariant singular 2-dimensional 
foliations: the weak unstable foliation W” tangent to E” @ TQ, and the weak stable 
foliation Ws tangent to ES d T@. These are singular only on the singular orbits of 
CJ and agree with the images of the local weak stable and unstable foliations on the 
neighborhood Vi of a singular orbit yi. 
2.2. Adapted metric 
The conditions (1) and (2) in the definition of a pseudo-Anosov flow ensure that 
flow lines in the same leaf of the weak stable (unstable) foliation converge in forward 
(backward) time faster than a multiple, a, of an exponential rate. The metric d&f is called 
adapted to pi if the constant a can be replaced by the number 1. Mather proved that every 
axiom A diffeomorphism has an adapted metric in [ 131. Employing the ideas in Mather’s 
proof, we can show that every pseudo-Anosov flow has an adapted metric. 
Lemma 2.2. If @ is a pseudo-AnosovJlow on a closed, oriented three-manifold, M, then 
there is a metric on M adapted to @. 
Proof. Let dnf be as in Definition 2.1. Let q E IR+ be a number such that aX4 < 1. We 
define a new metric llvll on the complement of the singular flow lines by 
~~~~~~2 = 1 /D&(v),* dt if u E ES, 
b 
11%‘112 = ] I D@_t(v)l’ dt if v E EU, 
l/u/l2 = ;I2 if 2/ E T@. 
Let I: be a vector in ES. If we define 
7L- I 
l1~llf! = c p@~,,nl~~v. 
7=0 
then we see that 
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Then 
Now we can look into the stretching properties of the flow with the new metric. 
I(D@,,,(w)II; = 2 p@i,,dd2 
I=1 
= llwll’, - ;lw12 +p@&!)12 
< ~~w~~~ - ; lw12 + ~U2P17~~’ 




< 1 - (l ;;iq)‘) l\wll;L. \ 
( 
Therefore, by iterating the map, @,ln, j times, we see that 
II~@j,&IIi 6 1 - ( (1 - aX912 j llul12, &b > n 
We can use the metric 11~11~~ to approximate the metric ll~l/. Let s = p/m be a positive 
rational number. Given E > 0, there exists a 7ca E W such that for all k > ke, 
ll~@s(~)l12 6 II~@s(7an + &l17Jl12 
By taking limits as Ic approaches infinity, we have 
ll~13~(~)11~ < e-_((r--aX4)~a)2s ll42 + 4~l12. 
Since E can be taken arbitrarily small, we have 
~~D@s(v)~~2 6 e~((‘--aXg)la)‘sll~l/2. 
This bound must hold for irrational s as well, since IlDD3(~) II2 is a continuous function 
of s. Thus IILMs(~)II < c$llwll, where 0; = e-((‘-aXu)/a)Z. Similarly, if u E EU and s 
is a negative number, IID@,5(w)II < ~O_s~~~~~. 
Given 00 < 0 < 1, we can approximate this metric llwl( on the complement of the 
singular flow lines with a smooth Riemannian metric l/lw(II such that 
III~@s(~)lll < ~s/ll~lll if w E ES, 
lll~@s(~)lll < ~-slll~lll if 71 E 13’. 
We shall call this new metric d’,,. 
The metric cI’~ extends to a path metric on M. The length of any path transverse to 
the singular flow lines is given by the length in the complement of the singular flow 
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lines. The length of any path coinciding with a singular flow line is given by the metric 
dM since it agrees with dlM on T@. Therefore, dfM is adapted to Cp. 0 
Henceforth, we shall assume that any manifold with a pseudo-Anosov flow is equipped 
with a metric adapted to the flow. 
2.3. Homology directions and dynamic representation 
In [lo], Fried introduced the notion of homology directions for flows, defined as 
follows. A sequence (ml,, tk) E M x (0, co) is called a closing sequence based at m 
if as k --) DC, one has mk --f m, Qt,,rnk + m and t,+ not tending to 0. Let yk be the 
closed path obtained by joining m to mk by a short path, following the trajectory @tmk, 
0 < t < tk, and ending with a short path from @tkrnk to m. Any accumulation point of 
the projective homology classes of yk is called a homology direction for @. Let D@ be 
the set of all homology classes in Hi (hil; Iw) which project to a homology direction for 
@. Then DQ is called the cone of homology directions for @. Fried proved that DQ is a 
finite sided cone. 
Mosher, in [ 151, described a relationship between the cone of homology directions for 
quasi-geodesic, pseudo-Anosov flows which satisfy an additional technical criterion and 
faces in the boundary of the unit ball, B,, in the Thurston norm. This criterion is the 
absence of dynamically parallel closed orbits in the flow. Two closed orbits are weakly 
dynamically parallel if there is an annulus A c M such that int(A) is immersed and 
transverse to @,, and each orbit is finitely covered by a component of aA. If, in addition, 
int(A) is embedded, then the orbits are dynamically parallel. 
Recall the Thurston norm, 5, on Hz(A4; Iw) is defined on classes in Hz(M; Z) by 
X(Z) = inf{ x_ (S) / 5’ a properly embedded surface in A4 representing z}, 
where x_(S) = max{O, -x(S)} if S . IS a connected surface and is additive on unions 
of connected components [20]. In [12], Gabai showed that 
X(Z) = 2,(z) = inf Ax-(S) If:S --) M, S a closed, oriented surface and 
f*[S] = m}. 
We say that a surface which attains this minimum is norm minimizing. 
To make precise this connection between the homology directions for these flows and 
the norm, Mosher made the following definition. 
Definition 2.3. Let C@ C H2(M; IR) be the dual cone to DG, consisting of all classes cy 
such that [cy c] > 0 for all c E Da. Let 
x~ E H2(A4; Z)/torsion c H’(M; JR) = Hom(Hz(hl; Iw), lR) 
be the Euler class of the normal plane bundle to @. The flow @ dynamically represents 
a face of B,, the unit ball in the Thurston norm, if 0 = C, n xi’ (- 1) is a face of B,, 
and c is the maximal face of B, on which x = -XQ. 
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Theorem 2.4 (Mosher). Suppose that @ is quasi-geodesic and that @ has no dynamically 
parallel closed orbits. Then @ dynamically represents some face of B,. 
3. Incompressible surfaces 
In this section, we prove that any closed surface immersed transverse to a quasi- 
geodesic, pseudo-Anosov flow is incompressible. If g : S % M is an immersion, then 
g(S) is said to be incompressible in M if the induced map on fundamental group, 
g* : rri (S) --f rri (M), is injective. Our strategy is to prove that the surface is norm 
minimizing in its homology class and then use that fact to show it is incompressible. 
Theorem 3.1. Let Q, be a quasi-geodesic, pseudo-Anosov flow on a closed, orientable, 
hyperbolic three-manifold, M. Let g : S + M be an immersion of a closed sur$ace such 
that g(S) is transverse to @. Then g(S) 1s norm minimizing in its homology class. 
Proof. First, we find an expression for x_ (S). Notice that every flow line of @ meets any 
component of a transverse surface from the same side. Any orientation reversing loop on 
S would give rise to an orientation reversing loop in M, since @ provides a transverse 
orientation to g(S). The three-manifold, M, is orientable, so S must be orientable. The 
flow, @, has a dense set of closed flow lines by Corollary 1.4 (proved in Section 4), so 
some closed flow line meets any component of a transverse surface algebraically non- 
zero times. Therefore, every component of a surface immersed transverse to the how 
is essential in homology. Since M is hyperbolic, this implies that surfaces immersed 
transverse to @ have no sphere or torus components. This shows S is an orientable, 
hyperbolic surface; hence, x_ (S) = -x(S). 
The surface g(S) is transverse to @, so IV’ induces a codimension one, singular 
foliation on g(S). We can pull this back to a singular foliation on S. The singularities 
are precisely the points in the preimage of the singular flow lines of @, and the index 
of a singularity in the preimage of an n-pronged pseudo-hyperbolic orbit is 2 - n. If we 
define the index of an n-pronged pseudo-hyperbolic orbit to be 2 - n as well, then the 
Poincare-Hopf Index Theorem implies that 
x-(S) = -x(S) = -kxindex(-r). W1(r)}l, 
Y 
where the sum is taken over all singular orbits of @. 
Denote the Euler class of the normal bundle to @ by xa. In [15], Mosher gave a 
formula, called the Euler-Poincare formula, for computing this Euler class. Let 
PD : HI (M; Z)/torsion - H*(nJ; Z)/torsion 
be the Poincare duality isomorphism. Then he showed that 
X@ = k c [index(y) PD(~)] : 
Y 
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where the sum is taken over all singular orbits of +. Mosher used the Euler-Poincare for- 
mula and his Efficient Intersection Theorem to prove that for every class a E Hz(iU; Z), 
z(a) 3 -x&>. 
Comparing our expression for x_ (S) with the Euler-Poincare formula, we see that 
x-(S) = -xG[g(S)]. Then Mosher’s result shows that -xQ[g(S)] < Lc[g(S)]. Thus, we 
have 
x-(S) = -x@kI(s>l G ddS>I G x-m 
the final inequality being a consequence of Gabai’s result that x = 5,. Therefore, all of 
these inequalities are equalities, and g(S) is norm minimizing in its homology class. •I 
Corollary 3.2. The induced map g.+ : z-1 (S) + ITI (M) is injective. 
Proof. Suppose g* : ~1 (S) A xl(M) is not injective. Choose an essential loop cy in 
the kernel of g*. In [18] (corrected in [ 19]), Scott showed that every surface group is 
locally extended residually finite. Therefore, there is a finite cover p : Sf + S in which 
there is an embedded loop ,8 which is homotopic to a lift of Q. The surface (g o p)(Sf ) 
represents the homology class (deg(p)) . [g(S)]. Since g(S) is norm minimizing and 
x- (Sf) = (deg(p)) . x- 6% (9 0 PW~) must also be non-n minimizing. Since Sf is a 
finite covering of S, 0 is essential in Sj, but (g o p)*[/3] is null homotopic. This null 
homotopy allows us to compress along /3 and extend the map gap across the compressing 
disk. But this would result in a representative for the homology class (deg(p)) 1 [g(S)] 
with a strictly lower norm, contradicting the fact that (g 0 p)(Sf) is norm minimizing. 
Therefore g, : ?rl (S) + ~1 (M) is injective. I? 
We conclude the section with an observation not directly relevant to the rest of the 
paper. 
Corollary 3.3. rf there is any immersion of a closed surface transverse to @ then 
x* (2~) = 1, where x* is the dual to x. 
Proof. If there is such an immersion g : S 4 M, then we have the following sequence 
of inequalities: 
x-(S) = -x@,[swl G x*(x@) * 49(S>l 6 49(S>l G x-w 
Therefore, they are all equalities, and x* (2~) = 1. 0 
4. Local shadowing 
It is well known that the suspension flow in a bundle has a dense set of closed flow 
lines. This is a very useful fact which we would like to have for other pseudo-Anosov 
flows. In this section we intend to prove Lemma 1.3, the Local Shadowing Lemma, 
restated below for convenience. An immediate corollary of this lemma will be that any 
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quasi-geodesic pseudo-Anosov flow on a closed, hyperbolic three-manifold has a dense 
set of closed orbits. 
An ct-pseudo-orbit is a segment of a flow line such that the two end points are a 
distance less than Q apart. One flow line segment y1 is said to P-shadow another flow 
line segment 72 if y1 lies in a radius p tubular neighborhood of 72. 
Lemma 1.3. Let @ be a quasi-geodesic, pseudo-Anosov flow on a closed, hyperbolic 
three-manifold M. For all p > 0, for all x E M, there exists an (Y, > 0 such that if 
there is a su$‘iciently large to with d(x, @t,(x)) < cyz, then a closed jlow line P-shadows 
the cu,-pseudo-orbit, {@pt(x): t E [0, to]}. 
We will require the following definitions: 
Definition 4.1. For x E M let 
W,“(x) = {y: y E M and for all t > 0, d(@,x,Qty) < E} 
and 
W,“(x) = {y: y E M and for all t < 0, d(Qtx,@ty) < E}. 
Lemma 4.2. Suppose x is a point on a regular flow line of CD. Then there exists a 
number p > 0 such that for any positive E < p if y E M lies within E of x, then W:(y) 
and W,!(y) are both 2-discs contained in a leaf of the weak stable foliation and weak 
unstable foliation, respectively. 
Proof. The union of singular flow lines is a closed set, so there exists a p1 > 0 such 
that if d(x, y) < 2p, then y lies on a regular flow line. Let Lz denote the leaf of the 
weak stable foliation containing the point y. If z E L$, let dl(y, z) denote the length of 
the shortest path in Lt between y and z. Define DI (y, 6) to be the set of points z E Lf 
with dl(y, z) < 6. Define &(y, 6) to be the component containing y of the intersection 
of a 6 ball about y in M with Li. 
Choose PZ(Y) E (0, PI) such that for all ZI and z2 in &(y,pz(y)), if di(zl, y) < 
dl(z2, y) then d(zl, y) < 4~2, y). There exists a number K(y) > 1 such that for all z E 
D2(y, PZ(Y)), the ratio &(Y, z)ld(y, ) 1 z IS ess than K(y). Then we can find a T(y) > 0 
such that XT(Y) < l/K(y). Now, choose p3(y) E (O,p~(y)) such that for all t E [O,T] 
and all ZI and 22 in D2(@t(v),p3(y)), if d(z1,?4) < &(a,~) then ~(zI,Y) < d(z2,y). 
Finally, let p = inf{px(y) 1 d(z, y) < PI}. 
Let E < p. We will prove the result for W:(y). The proof for WY(y) is similar. 
In order for a point, z, to lie in W:(y), 0 + z must lie in the E ball about @t(y) for ( ) 
all t > 0. So the only candidates for such points lie in Ut = B,(y) n @-t(&(@t(y))) 
for all positive t (see Fig. 1). As t approaches infinity, the measure transverse to the 
stable foliation of the set Ct(l?, (Qt (y))) approaches zero. Therefore W,‘(y) must be 
contained in a single leaf, Lz, of the weak stable foliation. 
Suppose z E W:(y) but is not in the same component of Lt n BE(y) as y. Then 
there is some t > 0 such that z and y do not lie in the same component of Ut. But 
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Fig. 1. A cross section of a typical Ut. 
39 
that implies that there is some t’ E (0,t) such that @t{(z) does not lie in BE(@tl(y)). 
a contradiction. Therefore, W,‘(y) is contained in Dz(y, E). It is clear that D, (y, E) is 
contained in IVES(y). Furthermore, the constant p was chosen so that W,‘(y) would be 
connected. 0 
Next, we prove the Local Shadowing Lemma. Our proof is inspired by Bowen’s proof 
of Global Shadowing for axiom A diffeomorphisms in [I]. 
Proof of Lemma 1.3. First we note that if the point x lies on a singular flow line, then 
it already lies on a closed flow line, and the result is trivial. So we may assume that z 
lies on a regular flow line. 
Since Sp is pseudo-Anosov and the metric is adapted to @,, there is a constant 0 < X < 1 
such that ]]D@‘t(~)]I < Xt]]y]l f or any vector ‘u tangent to the strong stable foliation and 
any t > 0. Also, jlD@t(~)I] < X-t]]~Ij f or any vector u tangent to the strong unstable 
foliation and any t < 0. 
Choose p as in Lemma 4.2 so that if we let E < p, then W:(y) and W:(y) are 
both 2-discs as long as d(z, y) < E. Without loss of generality, we may assume that 
p is less than p/2. T emporarily, let E = p/4. Choose 7~ E RI large enough that for all 
yt and y2 with d(z, yt) and d(l~,y2) less than ~/n, there exists a point on the flow 
segment W,‘(YI) n WEu(y2) in the same leaf of the strong stable foliation as y1 and 
a point in the same leaf of the strong unstable foliation as ~2. If t(yl, y/2) is the time 
it takes to flow from one of these points to the other, define d to be the supremum of 
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{t(y~l, ~2) 1 ~1, yy2 E BEin(x Let T be some number such that T > 2d and XT < 1/2n. 




1 xl& + 1) 
Define LY, = &/2n. We will show that if there is a number, to > T, with d(z, @to (z)) < 
Q,, then a closed flow line P-shadows the cr,-pseudo-orbit, {Gpt(z): t E 10, to]}. 
We will use the pseudo-Anosov structure of the how to find a sequence of flow lines 
which shadow the pseudo-orbit for an increasingly long time. In the limit, we will arrive 
at a flow line which shadows the pseudo-orbit for all time. Then, it will only remain to 
show that we have found a closed flow line. 
We recursively define a sequence of points xi. Let zr = z. For i > 2, define zi to be 
the point on the short flow line segment W,“(zr) n W~(@t,z_l) on the same leaf of 
the strong stable foliation as 21 (see Fig. 2). To show that this sequence exists, we shall 
assume that zi-1 exists and prove the existence of CC~. Since xi-1 and zr are E close 
and on the same leaf of the strong stable foliation, cZ(@~~X~-~, @t,xl) < &Xto. This in 
turn is less than &/2n. Also, we know that d(?&zr ! 21) < &/2n. Therefore, the triangle 
inequality shows that cl(@t,z,_r , xl) < c/n. The number n was chosen to ensure the 
existence of 2i. 
The flow line through IC, will shadow the pseudo-orbit through z1 for some time. To 










Fig. 2. The sequence {z~}. 
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the point xi. Let Si be the number closest to zero such that @6, (xi+, ) is on the same 
leaf of the strong unstable foliation as @t,(zi). Define 
!A = @(-(~-l,t”+c;=: 6,+), 
and define Ict to be the integer satisfying 
Claim. For all t E [0, ito - Cl=, S,], we have 
Proof. The triangle inequality gives us 
d @t(s), @(t-k,t”+~:~, 6,) ( (x1 ) 
G d ( @t(YiJ'@(t--ktt"+~~; 3-1 &%+I)) 
+ d ( @(t-ktt”+C:~, 6,) (ICkt+l), @(t-ktt(I+C:r, cT3) (XI)). (1) 
The construction of the sequence, {x2}, guarantees that the points 21 and xk,+r are less 
than E apart, and both lie on the same leaf of the strong stable foliation. The definition 
of the integer let implies that the quantity t - &to + c,“L, 6, is non-negative. Thus, the 
second term in the right hand side of the inequality (1) is less than E. Substituting for yi, 
we have 
d @t(yi)l @(t-kttu+yl, &) ( (4) 
< d @t ( ( @(-(i-I)totC;I; 6,) (““J):@ct-~~to+~~~, &d) +E. 
(2) 
Now several applications of the triangle inequality to the right hand side of inequal- 
ity (2) produces 
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By construction, x, and @tn-6,,,_, (X,-I ) for any m > 1 are E-close on the same 
leaf of the strong unstable foliation. Flowing these points backwards brings them closer 




is a negative number less than (Ict - m + 2)&j/2 as long as m 3 Ict + 2. Using these 
bounds, we see that the right hand side of inequality (3) is less than 
E~(i--2--lc&/2 + E)\(i--3--kt)to/2 + . . + EAto/2 + E. (4) 
All but the final term in the expression (4) are part of a geometric series with all positive 
terms. Hence, expression (4) is less than 
( 1+ 
Xt0/2 
1 - Ato/2 &‘. ) 
We have now shown: 
d @t(s)> @(t-kttu+C:r;, &) x1 ( ( )> < I+ ( Xt0/2 1 - jjto/2 ) & 
= I+ ( 
Xt”l2 







This completes the proof of the claim. 0 
If we now let 
then @t(zi) is within ,!?/4 of the flow line segment from XI to ditO(zl) for all 
Let z be an accumulation point for the set of points {zi}. Then Q2(z) is within p/4 of 
the flow line segment from x1 to Qto (xl ) for all t E R. 
It remains to show that the flow line through z is closed. The function d(zr , xi) is 
monotonic and bounded on the sequence {xi}, and each point in the sequence lies on 
the same leaf of the strong stable foliation. Hence, this sequence and the sequence {Si} 
both converge. Let limi,, 6, = 6. For every t E IR, define lt to be the integer given by 
It(to - 6) < t < (It + l)(ta - 6). Th en we will show that for any i E R, 
d(@&), @t--l&--6)(xI)) < P/2. 
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Because z is an accumulation point of {z~}, and S is the limit of {a,}, given any t, we 
can find an i E N such that both d(@t(z); @,(zi)) and 
d @,,-w-&J4, @(l-,tIC,+p ( 3_-2+, J”‘)) 
are less than /3/S. By the triangle inequality, 
d(~t(z),~t-l,(to--6)(21)) G +w>@&J) 
+ d @t(zi)y Qztt,,+y:;, 63) ( (Xl 1) 
+ d ( %“t”“+y:;l 63)(“rl),~(~-~~~ti,-6jj(51)). (5) 
We have just shown that the first and third terms on the right hand side of inequality (5) 
are less than p/S. Now we will use the claim proved above to show that the second term 
is less than ,014. By the definition of Zi, 
d @th), @(t-ztf”+~;+=~+, 6,) ( (Xl 1) 
= d @t++C;=, 6, (Y2if’): @(t-ztt”+c;“::, 6,) (Xl 1). 
Let tt = t + ito - Ci=, 6,. Then 
The first term on the right hand side of the above inequality is less than ,!?/4 by the 
claim. We now show that the second term is identically zero if i is chosen large enough. 
Recall that It is defined to be the integer satisfying &(tu - 6) < t < (lt + l)(ta - 6). We 
may alter t slightly if necessary so that this first inequality is strict. Then 
It(to - S) < t < (It + 1)(&J - S), 
(It + i)(to - 6) < t + ito - i6 < (It + i + 1)(&J - S), 
(It + i)(tlJ - 6) - k(6j - 6) < t + ito - i6 - k(r, - 6) 
j=l j=l 
< (It + i + 1)(to - 6) - k(6, - 6), 
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By choosing i large enough, the term C:z:+, 
c>z+, 6,. Thus, the integer lt also satisfies 
zt+i 
(lt + i)to - c 6, < t + itlJ - 2 fYs7 < (It + 
j=l j=l 
But this shows that lb + i satisfies the defining 
lt + i = kt,, and so 
6 can be made arbitrarily close to 
ltfifl 
i+l)to- c 6,. 
j=l 
inequality for the integer kt,. Then 
d ( @t, At, to+C:t’, 6, (xl)l~(t-iltli+C:tl:, 6,) (x,)) = 0. 
Therefore, 
d(@&), @t-lt(to--s) (XI)) < P/g + P/4 + D/g = P/2. 
Next, we show that for any t E IF& $(~t(~),~t(~t,,_-6(~))) < /3. 
d(~t(z),~,t(~,,-6(2))) 6 d(~,(Z),~t--1,(t,,--6)(21)) 
+ +Ll,(t,,--6)(:~I), qt+t,-6)(d) 
= d(~t(z),~t-l,(lrr--6)(21)) 
+ d(~(t+t,l~6)~lt+t(l_h(t0-6)(x1)1~(t+t”-6)(Z)) 
< a/2 + 1’-1/2 = p. 
Since ,/3 < p/2, we have shown that &_-6(z) E ws2 (2) n lI$$ (2) which is a short 
flow line segment through z. This means that z must lie on a closed flow line. q 
Corollary 1.4. The Jlow @ has a dense set of closed jlow lines. 
Proof. Given any point x E M and any E > 0, we must produce a closed flow line which 
passes within E of 5. We may assume that x lies on a regular flow line. The three-manifold 
M is hyperbolic, so it is atoroidal. Mosher showed in [14] that any pseudo-Anosov flow 
on an atoroidal manifold has a dense how line, y. Since y is dense in M, there is a 
point, y, on y which is within &/2 of x, and y returns arbitrarily close to y after a time 
arbitrarily long. Therefore, Lemma 1.3 implies that there is a closed flow line that passes 
within ~12 of y and, hence, within E of LC. 0 
5. Virtual fibers 
In this section, we prove the main theorem, which was first stated in Section 1. 
Throughout the section, we assume that @ is a quasi-geodesic pseudo-Anosov flow on 
M, a closed, orientable, hyperbolic manifold, and that g : S %+ M is an immersion of a 
closed surface such that g(S) is transverse to @. 
Theorem 1.2. Suppose @ has no null homologous closedJlow lines and no weak dynamic 
parallelisms. Then g*7rl (S) is geometrically infinite if and only if for every map j : s + 
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% covering g from the universal cover of S to the universal cover of Al, g(S) meets 
every~7ow line of the liftedjow. Moreover tfg,-irl (S) is geometrically infinite, then g(S) 
lifts to an embedded fiber in a finite cover of M with suspension flow isotopic to the lift 
of @. 
First, we prove that a lift meeting every flow line in the universal cover implies the 
surface group is geometrically infinite. The proof is essentially the same as the proof in 
[3] for the case in which M is a bundle, and fewer hypotheses about the flow are needed. 
Lemma 5.1. If there exists a map g : h? + h? covering g from the universal cover of S 
to the universal cover of M such that g(S) meets every flow line of the lifted flow 6 
then g*7rl (S) is geometrically infinite. 
Proof. For convenience, we will identify S with g(S) and S with i(S). 
Suppose S meets every flow line of @. We will show that 7rt (S) must be geometrically 
infinite. Suppose, to the contrary, that it is not. S is incompressible by Corollary 3.2, so 
Theorem 1.1 implies that ~1 (S) must be quasi-Fuchsian. This means that the limit set of 
~1 (S), AS, is a quasi-circle on the sphere at infinity of E. 
Let C be any closed flow line of @ in M. C exists by Corollary 1.4. C defines a free 
homotopy class, and therefore a unique geodesic yc in that free homotopy class. The 
free homotopy is realized by an immersed annulus bounded by C U 7~. Looking at the 
preimages of this annulus in E shows us that any preimage ?C of yc in z lies within 
a bounded distance of some preimage of C. 
Attracting 
Fig. 3. If ~1 (S) is quasi-Fuchsian, then some flow line in 5 misses ,!? 
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Because A4 is closed, the limit set of 7ri (n/l) is the entire sphere at infinity. Therefore, 
we can choose (Y E 7ri (M) with a fixed point away from the limit set of ~1 (S). But then 
applying the covering transformation oP for some large R gives us a preimage of ye_ 
with both fixed points in the same component of the complement of the limit set of S 
in the sphere at infinity. This implies that a preimage of C misses S, contradicting our 
assumption that S meets every flow line of 6. Therefore, ~1 (S) must be geometrically 
infinite. 0 
The proof of the converse of Lemma 5.1 is much more involved. We begin by showing 
that a surface transverse to di with geometrically infinite fundamental group lifts to an 
embedded fiber in a finite cover of M. Although Theorem 1.1 guarantees than the surface 
lifts to be homotopic to a fiber in a finite cover, that homotopy may not leave the surface 
transverse to @. This is a starting point, but more work is required. 
Lemma 5.2. If g*7rl (S) g IS eometrically infinite then g : S % M lifts to an embedding 
gf : S of Mf in a finite cover of M such that gf (S) is a jiber in some jibration of Mf 
over the circle. 
Proof. Suppose g*7ri (S) is geometrically infinite. Then by Theorem 1.1, there is a finite 
covering of M, M’, such that g lifts to a map g’ : S + M’ which can be homotoped to 
be a homeomorphism onto a fiber in some fibration of M’ over the circle. Let !P be the 
fiber flow on M’. 
Let Ms be the covering corresponding to YT~ (g(S)). The map g lifts to a map gs : S + 
Ms. 
Let Sp, be the lift of the flow @. 
If we were to replace g(S) by the least area surface in its homotopy class, then it 
would follow from [9] that gs( S) is an embedding. However, we want to avoid homotopy 
which may not leave g(S) transverse to the flow. We will show that g,(S) is embedded 
by showing that it meets every flow line of Qs at most once. To the contrary, suppose 
a lifted flow line 8 meets gs(S) more than once. Since g,(S) is transverse to the lifted 
flow, and there is a dense set of closed flow lines in M by Corollary 1.4, we may replace 
8 with another flow line, 5, which covers a closed flow line y C M and meets g,(S) 
more than once. 
If [r] lies in ~1 (g(S)), then y lifts to M,. Then r is closed and, therefore, defines a 
cohomology class in H*(A&). On the other hand, if [r] does not lie in ~1 (g(S)), then, 
since y is closed, it must be unwrapped by the Z action of the monodromy map in the 
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intermediate cover, M’. Thus, r is proper and, therefore, defines a cohomology class in 
H2(M8). The lifted flow line r meets g,(S) with the same orientation at all intersection 
points, so [5 . [gs(S)]] > 2. 
Since g’(S) is homotopic to a fiber in M, g,(S) is homotopic to a section S, of 
the lifted flow lines of !P in Ma. Since homology class is invariant under homotopy, 
[5 . [S,]] 3 2 as well. But S,Y separates, so [9 . [S,]] = 0 or 1. This is a contradiction. 
Therefore, each lifted flow line in MS meets gs(S) at most once. If gs (S) were not an 
embedding, then some flow line meeting the surface near a multiple point would have 
to meet the surface more than once. Thus, g,(S) must be embedded. 
Similarly, every other lift of g’(S) is also embedded and homotopic to a section of 
the lifted flow lines of !P in Ms. Since these lifts are compact, we can find two disjoint 
lifts. Therefore, after an equivariant isotopy of the lift of P, we find a finite cover 
pf : Mf + M in which S lifts to a fiber with suspension flow !Pf. 0 
Our strategy to complete the proof of Theorem 1.2 is to show that the lift of Cp to the 
cover Mf of Lemma 5.2 is actually a suspension flow with gf(S), the lift of g(S) to 
Mf, as a fiber. To accomplish this, we will show that gf(S) meets every flow line of @f. 
Lemma 5.3. If any JYOW line of @pf misses gf (S), there exists a closed Jlow line which 
misses gf (S). 
Proof. Identify gf (S) c Mf with S. Since the surface S is transverse to @f, there is a 
6 > 0 such that every flow line which enters the S collar of S meets S. Now, suppose 
that some flow line y of @f fails to meet S. If y is closed, we are done, so we may 
assume that y is not closed. Thus, y has an accumulation point x outside of the 6 collar 
of S. This accumulation point allows us to find an arbitrarily long segment of the flow 
line y which is an a-pseudo-orbit for an arbitrarily small Q. Therefore, Lemma 1.3 gives 
us a closed flow line which S/2 shadows a segment of y. This closed flow line can not 
get closer than 6/2 to the surface S. Hence, it misses S. 0 
The one remaining ingredient of the proof of Theorem 1.2 is to show that any closed 
flow line of @f which misses gf (S) is null homologous if @ has no weakly dynamically 
parallel closed orbits. To this end, we shall compare the cone of homology directions for 
@f and !Pf. 
Lemma 5.4. Suppose @ has no weakly dynamically parallel closed orbits. Let @f be the 
preimage of CD in AJf. The flow @f dynamically represents a top-dimensional face of the 
unit sphere, as,, in the Thurston norm on Hz(Mf;R). 
Proof. We will show that @f satisfies all the hypotheses of Theorem 2.4. The flow @f 
is a pseudo-Anosov flow which is quasi-geodesic since @ is. 
Suppose that @f has two dynamically parallel closed orbits yi and 72. Then there is 
an annulus A immersed in Mf such that int(A) is embedded and transverse to @f and 
one boundary component finitely covers each of yi and 72. Let these coverings have 
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degrees ni and n2, respectively. If yt and 72 project to the same closed orbit y E M, 
then there is an interval in A connecting yt and 72 which projects to a loop a E M. If 
o were not essential in A4 then it would lift to Aff, so it must be essential. This loop c1 
gives us an element of ~1 (M) which conjugates [r]“‘“’ to [r]““* for some m. Therefore, 
Q - y” for some Ic and nt = n2, since M is hyperbolic. Then the image of A in M is 
a mapped in torus T which is transverse to @ away from y. By Corollary 1.4, there is 
a dense set of closed flow lines of @, so some closed flow line y’ hits T away from y. 
Any flow line except y which meets T always intersects it with the same orientation, so 
[y’ . [T]] # 0. However, M is atoroidal, so [T] = 0, a contradiction. Therefore, if such an 
annulus exists in Mf, yl and 72 must project to distinct closed orbits. But then the image 
of the annulus in M is a weak dynamic parallelism. This contradicts the hypothesis that 
@ has no weakly dynamically parallel closed orbits. 
Thus, Theorem 2.4 implies that @S dynamically represents a face u of a&. Further- 
more, gf (S) is transverse to @f so [!/f(S)] is contained in CQ~, the cone through g. 
Thurston showed in [20] that the homology class of a fiber of any fibration must lie 
in the interior of the cone on a top-dimensional face of the boundary of B,. Since we 
know that gf (S) is a fiber, the ray through [gf (S)] must run through the interior of a 
top-dimensional face of B,. This implies that the face 0 is top-dimensional. 
Proof of Theorem 1.2. For convenience, identify S ancJ g(S). 
Lemma 5.1 proves that if for every map_ 3 : S + M covering g from the universal 
cover of S to the universal cover of M, S(S) meets every flow line of the lifted flow 5, 
then g*7ri (S) is geometrically infinite. 
It remains to show the converse. Suppose 7rt (S) is geometrically infinite. By Lemma 5.2, 
there is a finite cover pf : AJf + M to which S lifts to be a fiber in some fibration over 
the circle. Let Pf be the suspension flow. Then Lemma 5.4 implies that @pf dynamically 
represents a top-dimensional face, 0, of the boundary of the unit ball B, of the Thurston 
norm on Hz(Mf; R). 
Since the other flow Pf is a suspension flow, it also satisfies the hypotheses to Theo- 
rem 2.4. By the same argument as in Lemma 5.4, Pf also dynamically represents 0. Then 
the cones C, and Cp are forced to be identical. These are the dual cones to the cone 
of homology directions for the two flows. Therefore, the cone of homology directions 
for Spf and the cone of homology directions for @f are identical. Moreover, since Pf 
is a suspension flow with fiber S, [y . [S]] > 0 for all elements y # 0 in this cone of 
homology directions. 
Now suppose that some flow line o of @f fails to meet S. Lemma 5.3 implies that 
there exists a closed flow line cy’ of @f which fails to meet S. But [GE’ [S]] = 0, so 
[cy’] = 0. But ~~(a’) IS a closed flow line of @, and 
bq(a’)] = Pf* [a’] = 0. 
This contradicts the hypothesis that @ has no null homologous closed flow lines. There- 
fore, each flow line of @f must meet S. 
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If CC is any point on any flow line y of pif, then let 7: be the half flow line starting at 
z and running forward along y. If y is closed, then r,f meets S. Suppose y is not closed. 
Let R be the set of limit points of all sequences on 7,’ which tend to infinity. Since 
Mf is compact, ti is not empty. It is clear from the definition that n is flow invariant. 
Therefore, fl is a union of flow lines, so 0 n S is not empty. Thus, 7: comes arbitrarily 
close to S. Since S is transverse to @f, this implies that 7,’ meets S. 
The fact that every half flow line starting at any point and running forward meets S 
means that flowing forward along @f gives rise to a well-defined first return map from 
S to itself. Therefore @,f is a suspension flow with fiber S. 0 
Corollary 5.5. Suppose gS has no null homologous closed flow lines and no weak dy- 
namic parallelisms and suppose that g,rl (S) is geometrically injinite. Then CD is a 
suspension $0~. 
Proof. Theorem 1.2 implies that @ is a virtual suspension flow. We will actually show 
that any virtual suspension ffow is a suspension flow. Let pf : I!-Jf + Ad be the covering 
space to which @ lifts to be a suspension flow. Let F be a fiber in Mf. The immersed 
surface pf (F) c 111 meets every flow line of @ since F meets every flow line of the lift 
of !.P to Mj. 
We would like to replace the immersed surface with an embedded surface. In [17], 
Scharlemann defines the double curve sum operation on oriented surfaces embedded in 





Fig. 4. The double curve sum near a double curve and a triple point. 
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a three-manifold. This operation replaces two embedded surfaces which may intersect 
each other with an embedded surface with the same Euler characteristic as the union 
of the two original surfaces and the same homology class as the sum of the homology 
classes of the two original surfaces. We define the double curve sum operation on a 
single immersed surface transverse to a flow in a similar manner. We put the immersed 
surface in general position, keeping it transverse to the flow. Remove the double curves 
and triple points. Replace each double curve with two curves and each triple point with 
three points and homotop slightly so that the result is an embedded surface which is 
transverse to the flow. The local picture of this operation is given in Fig. 4. 
Let Fd be the result of the double curve sum on pf (F). Since pf (F) meets every flow 
line of @, so does Fd. The argument at the end of the proof of Theorem 1.2 applies to 
show that the flow gives a well defined first return map on Fd. Let F,d, . . , F, be the 
connected components of Fd. Since F” is transverse to @, for any i, the set of points in 
Fd which map to F,” under the first return map for @ is an open and closed set in Fd. 
Therefore, the first return map must be a cyclic permutation of the components of Fd 
since M is connected. Thus, the connected component Fp! meets every flow line of @, 
and @ is a suspension flow with fiber Ft. 0 
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